Abstract. We show that if A is a unital C * -algebra and B is a CuntzKrieger algebra for which A ⊗ K ∼ = B ⊗ K, then A is a Cuntz-Krieger algebra. Consequently, corners of Cuntz-Krieger algebras are CuntzKrieger algebras.
Introduction
The Cuntz-Krieger algebras were introduced by J. Cuntz and W. Krieger in 1980, [9] , as C * -algebras arising from dynamical systems. This class of C * -algebras has since shown up in several contexts, including the classification program as the Cuntz-Krieger algebras with finitely many ideals, are examples of non-simple purely infinite C * -algebras. It has been known since M. Enomoto and Y. Watatani introduced graph algebras in 1980 in [12] , that Cuntz-Krieger algebras are the graph algebras arising from finite graphs with no sinks and no sources (see also [16] ), but no characterization in terms of outer properties has been established for the Cuntz-Krieger algebras.
We show in Theorem 3.13 that the Cuntz-Krieger algebras are the graph algebras arising from finite graphs with no sinks, and conclude that a graph algebra is a Cuntz-Krieger algebra if and only if it is unital and the rank of its K 0 -group equals the rank of its K 1 -group. Using this, we show in Theorem 4.8, that if a unital C * -algebra is stably isomorphic to a Cuntz-Krieger algebra, then it is isomorphic to a Cuntz-Krieger algebra.
As a corollary to Theorem 4.8, we see that corners of Cuntz-Krieger algebras are Cuntz-Krieger algebras, see Corollary 4.10. It is quite surprising that the class of Cuntz-Krieger algebras has this permanence property since the larger class of graph algebras do not (as the graph algebra M 2 ∞ ⊗ K provides a counterexample). Moreover, this shows that corners of Cuntz-Krieger algebras are semiprojective, Corollary 4.11, as Cuntz-Krieger algebras are semiprojective. Our results also show that a unital corner of a stabilized Cuntz-Krieger algebra is semiprojective since a stabilized Cuntz-Krieger algebra is semiprojective. It was conjectured by B. Blackadar in [6, Conjecture 4.4 ] that a full corner of a semiprojective C * -algebra is semiprojective.
He showed in [6, Proposition 2.7 ] that a full unital corner of a semiprojective C * -algebra is semiprojective. Recently, S. Eilers and T. Katsura showed in [11] that a corner of a unital graph C * -algebra that is semiprojective is also semiprojective. Corollary 4.11 is a special case of their results since every Cuntz-Krieger algebra is isomorphic to a unital semiprojective graph C * -algebra. Semiprojectivity is easy in our case since the graphs are finite. Thus we do not need any results from [11] .
Definitions and preliminaries
Definition 2.1. Let E = (E 0 , E 1 , s E , r E ) be a countable directed graph. A Cuntz-Krieger E-family is a set of mutually orthogonal projections {p v | v ∈ E 0 } and a set {s e | e ∈ E 1 } of partial isometries satisfying the following conditions: (CK0) s * e s f = 0 if e, f ∈ E 1 and e = f , (CK1) s * e s e = p r E (e) for all e ∈ E 1 , (CK2) s e s * e ≤ p s E (e) for all e ∈ E 1 , and, (CK3) p v = e∈s −1 E (v) s e s * e for all v ∈ E 0 with 0 < |s
The graph algebra C * (E) is defined as the universal C * -algebra given by these generators and relations. Definition 2.2. Let E be a directed graph, and let v ∈ E 0 be a vertex in E. The vertex v is called regular if s J. Cuntz and W. Krieger originally defined a Cuntz-Krieger algebra as the universal C * -algebra determined by a collection of partial isometries satisfying relations determined by a finite matrix with entries in {0, 1}. It follows from [15, Section 4] that the class of Cuntz-Krieger algebras coincides with the class of graph C * -algebras of finite graphs with no sinks or sources, and moreover, if E is a finite graph with no sinks or sources, C * (E) coincides with the Cuntz-Krieger algebra associated with the edge matrix of E.
In their study of Cuntz-Krieger algebras, Cuntz and Krieger often imposed Condition (I) on their matrices, which is equivalent to imposing Condition (L) on the graph. In work after Cuntz and Krieger, particularly in [2] , it was shown that Condition (I) was not necessary, and that loops without exits would produce ideals in the associated C * -algebra that are Morita equivalent to C(T). In this paper, we do not assume our matrices satisfy Condition (I). Thus obtaining results for C * -algebras without real rank zero and results where the C * -algebras have uncountably many ideals or are commutative. We use the language of graph C * -algebras in order to provide us with nice combinatorial models of Cuntz-Krieger algebras. Thus, motivating us to define a Cuntz-Krieger algebra as in Definition 2.3. Definition 2.4. Let E be a directed graph. A path α = e 1 e 2 · · · e n in E with r E (α) := r(e n ) = s E (e 1 ) =: s E (α) is called a cycle. A cycle α = e 1 e 2 · · · e n is called vertex-simple if s E (e i ) = s E (e j ) for all i = j.
We refer to s E (α) as the base point of the cycle α. In particular, an edge e in E with s E (e) = r E (e) is called a cycle of length one with base point s E (e).
Definition 2.5. Let E be a directed graph. For vertices v, w in E, we write v ≥ w if there is a path in E from v to w, i.e., a path α in E with s E (α) = v and r E (α) = w. Let S be a subset of E 0 . We write v ≥ S if there exists u ∈ S such that v ≥ u.
Let H be a subset of E 0 . The subset H is called hereditary if for all v ∈ H and w ∈ E 0 , v ≥ w implies w ∈ H and H is called saturated if r E (s
Definition 2.6. Let E be a countable directed graph. Let γ denote the gauge action on C * (E), i.e., the action γ of the circle group T on C * (E) for which γ z (s e ) = zs e and γ z (p v ) = p v for all z ∈ T, e ∈ E 1 , and
When E is a row-finite graph, the map H → I H defines a lattice isomorphism between the saturated hereditary subsets in E 0 and the gauge invariant ideals in C * (E), see [5, Theorem 4.1] . Definition 2.7. Let E and F be directed graphs. A graph homomorphism f : E → F consists of two maps f 0 : E 0 → F 0 and f 1 :
is called a CK-morphism if f 0 and f 1 are injective and f 1 restricts to a bijection from s
The definition of a CK-morphism between arbitrary graphs was introduced by K. R. Goodearl in [13] . Let CKGr be the category whose objects are arbitrary directed graphs and whose morphisms are CK-morphisms. Goodearl showed that there is a functor L K from the category CKGr to the category of algebras over a field K. The functor L K assigns an object E the Leavitt path algebra L K (E). Goodearl also proved in [13, Corollary 3.3] that for every CK-morphism φ, the K-algebra homomorphism L K (φ) is injective. We now prove the analog of [13, Corollary 3.3] where the category of K-algebras is replaced by the category of C * -algebras and the functor assigns an object E the graph C * -algebra C * (E). Lemma 2.8. Let E and F be countable directed graphs, let f : E → F be a CK-morphism. Let {p v , s e | v ∈ E 0 , e ∈ E 1 } be a universal Cuntz-Krieger E-family generating C * (E), and let {q v , t e | v ∈ F 0 , e ∈ F 1 } be a universal Cuntz-Krieger F -family generating C * (F ).
Then the assignments, p v → q f 0 (v) and s e → t f 1 (e) , induce an injective * -homomorphism φ : C * (E) → C * (F ) with image equal to the subalgebra of C * (F ) generated by {q v , t e | v, s F (e) ∈ f 0 (E 0 )}.
Proof. Using the fact that f is a CK-morphism, one can verify that {q f 0 (v) , t f 1 (e) | v ∈ E 0 , e ∈ E 1 } is a Cuntz-Krieger E-family in C * (F ). The universal property of C * (E) now implies that the * -homomorphism φ exists. Since φ intertwines the canonical gauge actions on C * (E) and C * (F ) and since φ(p v ) = q f 0 (v) = 0 for all v ∈ E 0 , the gauge invariant uniqueness theorem implies that φ is injective. Since f is a CK-morphism, the sets f 1 (E 1 ) and {e ∈ F 1 | s F (e) ∈ f 0 (E 0 )} coincide. It now follows that φ(C * (E)) is equal to the subalgebra of C * (F ) generated by {q v , t e | v, s F (e) ∈ f 0 (E 0 )}.
3. Graph C * -algebras over finite graphs with no sinks Assumption 3.1. Throughout the rest of the paper, unless stated otherwise, all graphs will be countable and directed. Definition 3.2. Let E be a graph, let v 0 ∈ E 0 be a vertex, and let n be a positive integer. Define a graph E(v 0 , n) as follows:
where r E(v 0 ,n) and s E(v 0 ,n) extends r E and s E respectively and r E(v 0 ,n) (e i ) =
Definition 3.3. Let E be a graph, let e 0 ∈ E 1 be an edge, and let n be a positive integer. Define a graph E(e 0 , n) as follows:
where r E(e 0 ,n) and s E(e 0 ,n) extends r E and s E respectively, r E(e 0 ,n) (e i ) = v i−1 for i = 2, . . . , n + 1 and s E(e 0 ,n) (e i ) = v i for i = 1, . . . , n, and r E(e 0 ,n) (e 1 ) = r E (e 0 ) and s E(e 0 ,n) (e n+1 ) = s E (e 0 ).
and E(e 0 , n) is the graph . . .
. Let E be a graph, let e 0 ∈ E 1 be an edge, and let n be a positive integer.
We will show that
The last two cases hold true because g = e n+1 for all g ∈ E(v 0 , n) 1 .
Now let e ∈ E(v 0 , n) 1 . Then 
We break this into two cases. Suppose
Suppose e n+1 ∈ s 
We have just shown that
Note that the only generator of C * (E(e 0 , n)) that is not included in
is s e n+1 . In this case, recall again that
for all i = 1, 2, . . . , n. Therefore, = s e n+1 .
Hence, s e n+1 ∈ ψ(C * (E(v 0 , n))), which implies that ψ is surjective. Note that the cycle structure of E(v 0 , n) is determined by the cycle structure of E and vice versa. Moreover, the cycles of E(v 0 , n) with no exits are in one-to-one correspondence to the cycles of E(e 0 , n) with no exits. Let α = f 1 f 2 · · · f m be a vertex-simple cycle in E(v 0 , n) with no exits. Suppose
. Then α is a vertex-simple cycle in E(e 0 , n) with no exits. Thus, s α is a unitary in C * (E(e 0 , n)) with spectrum T. Hence,
and β = e n+1 e n · · · e 1 f 2 · · · f n is a vertex-simple cycle in E(e 0 , n) with no exits. Hence, ψ(t α ) = s β is a unitary in C * (E(e 0 , n)) with spectrum T.
From the above paragraph and the fact that ψ(q v
Let F (H) be another copy of F (H) and we write α for the copy of α in F (H). Define a graph E(H) as follows:
E (H) ∪ F (H) and extend s E and r E to E(H) by defining s E(H) (α) = α and r E(H) (α) = r E (α).
Note that E(H) is just the graph (H, r −1 E (H), r E , s E ) together with a source for each α ∈ F (H) with exactly one edge from α to r E (α).
and H = {v 0 }. Then F ({v 0 }) = {e 1 , e 2 e 1 }. Therefore, the graph
represents the graph E({v 0 }).
Theorem 3.9. Let E be a graph and let H be a hereditary subset of E 0 . Suppose
is a finite acyclic graph and v ≥ H for all v ∈ E 0 \ H. Assume furthermore that the set
Proof. Let {s e , p v | e ∈ E 1 , v ∈ E 0 } be a universal Cuntz-Krieger E-family generating C * (E). For v ∈ E(H) 0 define
and for e ∈ E(H) 1 define
We shall show that {T e , Q v | e ∈ E(H) 1 , v ∈ E(H) 0 } is a Cuntz-Krieger E(H)-family in C * (E). To begin, we see that the Q v are mutually orthogonal projections and the T e are partial isometries with mutually orthogonal ranges. (The orthogonality follows from the fact that an element in F (H) cannot extend an element in F (H) and the fact that
To see the Cuntz-Krieger relations hold, we consider cases for e ∈ E(H) 1 . If e ∈ s −1 E (H), then r H (e) ∈ H and T * e T e = s * e s e = p r E (e) = Q r E(H) (e) . If e = α ∈ F (H), then r E (α) ∈ H and
For the second Cuntz-Krieger relation, we again let e ∈ E(H) 1 and consider cases. If e ∈ s −1
If e = α ∈ F (H), then
Thus Q s E(H) (e) T e = T e for all e ∈ E(H) 1 , so that T e T * e ≤ Q s E(H) (e) for all e ∈ E(H) 1 , and the second Cuntz-Krieger relation holds.
For the third Cuntz-Krieger relation, suppose that v ∈ E(H) 0 and that v is regular. If v ∈ H, then the set of edges that v emits in E(H) is equal to the set of edges that v emits in E, and hence If v ∈ F (H), then v = α with r E(H) (α) ∈ H, and the element α is the unique edge in E(H) 0 with source v, so that
Thus the third Cuntz-Krieger relation holds, and
If {q v , t e | v ∈ E(H) 0 , e ∈ E(H) 1 } is a universal Cuntz-Krieger E(H)-family generating C * (E(H)), then by the universal property of C * (E(H)) there exists a * -homomorphism φ : C * (E(H)) → C * (E) with φ(q v ) = Q v for all v ∈ E(H) 0 and φ(t e ) = T e for all e ∈ E(H) 1 .
We shall show injectivity of φ, by applying the generalized Cuntz-Krieger uniqueness theorem of [19] . To verify the hypotheses, we first see that if v ∈ E(H) 0 , then φ(q v ) = Q v = 0. Second, if e 1 . . . e n is a vertex-simple cycle in E(H) with no exits, then since the cycles in E(H) come from cycles in E all lying in the subgraph given by (H, s −1 E (H), s E , r E ), we must have that e i ∈ E 1 for all 1 ≤ i ≤ n, and e 1 . . . e n is a cycle in E with no exits. Thus φ(t e 1 ...en ) = φ(t e 1 ) . . . φ(t en ) = s e 1 . . . s en = s e 1 ...en is a unitary whose spectrum is the entire circle. It follows from the generalized Cuntz-Krieger uniqueness theorem, stated in Theorem 1.2 of [19] , that φ is injective.
We now show that φ is surjective. Let e ∈ E 1 such that r E (e) ∈ H. If s E (e) ∈ H, then s e = T e = φ(t e ) ∈ im(φ).
Suppose s E (e) / ∈ H. So, e ∈ F (H). Hence, s e = T e = φ(t e ) ∈ im(φ).
We now show that s e ∈ im(φ) for all e ∈ r −1 E (E 0 \ H). By assumption, v ≥ H for all v ∈ E 0 \ H. Define for each k the subset D k of E 0 \ H as the set of vertices v for which k is the maximal length of a path from v to H. Put D 0 = H, and note that for k ≥ 1, all vertices in D k are regular. By induction on k ≥ 1 we will show for every path α in E with r E (α) ∈ D k that s α ∈ im(φ).
For k = 1 and α a path in E with r E (α) ∈ D 1 , we note that r E (e) ∈ H for all e ∈ s −1
since αe, e ∈ F (H).
For k > 1 and α a path in E with r E (α) ∈ D k , we note that for all e ∈ s −1 E (r E (α)) there is a j < k for which r E (αe) = r E (e) ∈ D j . Hence
s αe s * e ∈ im(φ).
We have just shown that s e ∈ im(φ) for all e ∈ E 1 . We now show that p v ∈ im(φ) for all v ∈ E 0 . Note that if v ∈ E 0 and v is not a regular vertex, then v ∈ H. Hence, p v = Q v = φ(q v ). Let v ∈ E 0 be a regular vertex. Then for each e ∈ s −1 E (v), we have that s e , s * e ∈ im(φ). Therefore,
s e s * e ∈ im(φ).
Since {p v , s e | v ∈ E 0 , e ∈ E 1 } ⊆ im(φ) and {p v , s e | v ∈ E 0 , e ∈ E 1 } generates C * (E) we have that φ is surjective. Therefore, φ is an isomorphism.
Definition 3.10. Let E be a graph, let v 0 ∈ E 0 be a vertex in E, and let n be a positive integer. Define a graph E ′ (v 0 , n) as follows:
where r E ′ (v 0 ,n) and s E ′ (v 0 ,n) extends r E and s E respectively, and r E ′ (v 0 ,n) (e i ) = v 0 and s E ′ (v 0 ,n) (e i ) = v i for all i = 1, . . . n.
Corollary 3.11. Let E be a graph, let v 0 ∈ E 0 be a vertex, and let n be a positive integer. Then
) is a finite acyclic graph and for
Example 3.12. We give an example to illustrate the proof of Corollary 3.11. Consider the graph E of Example 3.4. Then E(v 0 , 2) is the graph
and thereby E(v 0 , 2)({v 0 }) is the graph
which is isomorphic to the graph E ′ (v 0 , 2)
Theorem 3.13. Let E be a graph. Then the following are equivalent: (1) E is finite graph with no sinks. (2) C * (E) is isomorphic to a Cuntz-Krieger algebra. (3) C * (E) is unital and
Proof. We first show (1) implies (2) . Suppose E is a finite graph with no sinks. Remove the sources from E, and remove the vertices that then become sources; repeat this procedure finitely many times to get a subgraph F of E that has no sinks and no sources. Notice that F 0 is a hereditary subset of E 0 , that
is a finite acyclic graph, and that for each v ∈ E 0 \ F 0 , there exists a path in E from v to F 0 . Therefore, by Theorem 3.9, C * (E) ∼ = C * (E(F 0 )). We can apply Corollary 3.11 and Proposition 3.5 as many times as needed (but finitely many times), to get a finite graph E 1 with no sinks and no sources such that C * (E(F 0 )) ∼ = C * (E 1 ). Note that C * (E 1 ) is a CuntzKrieger algebra and C * (E) ∼ = C * (E 1 ). We next show (2) implies (3). Suppose C * (E) is isomorphic to a CuntzKrieger algebra. Then C * (E) is unital. Moreover, by the K-theory computation (Theorem 3.1 of [10] ),
We now show (3) implies (1). Suppose C * (E) is unital. Then E 0 is a finite set. Since
by the K-theory computation (Theorem 3.1 of [10] ), E has no singular vertices. Hence, E is a finite graph with no sinks.
Definition 3.14. Let E be a graph and let SE be the graph obtained by adding an infinite head to every vertex of E.
E :
We call SE the stabilization of E.
Theorem 3.15. Let E be a graph with finitely many vertices and let T be a finite hereditary subset of (SE)
where {s e , p v | e ∈ (SE) 1 , v ∈ (SE) 0 } is a universal Cuntz-Krieger SEfamily generating C * (SE). Then p T is a full projection in C * (SE) and there exists a subgraph
Proof. The smallest saturated subset of (SE) 0 containing T is (SE) 0 . Hence, p T is a full projection.
Let F = (T, s −1 SE (T ), r SE , s SE ). We claim that F is a CK-subgraph of SE. It is clear that F is a subgraph of SE. We will show that s
for some e. Since F is a CK-subgraph of SE, we have by Lemma 2.8 that C * (F ) is isomorphic to the subalgebra of C * (SE) generated by {p v , s e | s SE (e), v ∈ T }, which we denote by B. We claim that p T C * (SE)p T = B.
Note that B is unital with unit p T . Note that if e ∈ s −1 SE (T ), then s SE (e) and r SE (e) are elements of T . Therefore, for all v ∈ T and all e ∈ s −1
Hence, B is a subalgebra of p T C * (SE)p T . Let α be a finite path in SE. Suppose s SE (α) is not an element of T . Then
From these observations, we get that
otherwise.
Since e ∈ s −1 SE (T ) implies that s SE (e) and r SE (e) are elements of T , we have that α is a path in
Hence, p T s α s * β p T is an element of B for all paths α and β in SE. We have just shown that
Assume that C * (E) is isomorphic to a Cuntz-Krieger algebra. Then by Theorem 3.13, the graph E is finite and has no sinks. Since F is a graph obtained from the graph E by adding a finite head to some vertices of E, the graph F is finite and with no sinks. By Theorem 3.13, C * (F ) is a Cuntz-Krieger algebra.
4. Unital C * -algebras that are stably isomporphic to Cuntz-Krieger algebras Definition 4.1. For a C * -algebra A, and projections p ∈ M n (A) and q ∈ M m (A), we say p is Murray-von Neumann equivalent to q, denoted p ∼ q, if there exists v ∈ M m,n (A) with p = v * v and q = vv * . For a projection p in a C * -algebra A and n ∈ N, np will denote the projection
Lemma 4.2. Let E be a graph and let {p v , s e | v ∈ E 0 , e ∈ E 1 } denote a universal Cuntz-Krieger E-family generating C * (E). Let v ∈ E 0 and assume that v is a regular vertex. Then
Proof. The result follows directly from the Cuntz-Krieger relations, see Definition 2.1. 
Proof. Let e 1 · · · e n denote a path in E from v to w, so that e 1 , . . . , e n ∈ E 1 with r E (e i ) = s E (e i+1 ) for all i ∈ {1, . . . , n−1}, s E (e 1 ) = v, and r E (e n ) = w. Define v i = r E (e i ) for i ∈ {1, . . . , n}, and v 0 = v. Then by Lemma 4.2,
. . .
Define (m u (v, w)) u∈E 0 as the non-negative integer scalars in the above linear combination of (p u ) u∈E 0 , i.e., such that
This defines (m u (v, w)) u∈E 0 for any pair v, w ∈ E 0 for which there is a path from v to w. The last statement is clear from the construction of m u (v, w). Proof. Let H be a hereditary subset in E 0 . Since every vertex in E is the base point of at least one cycle of length one, E is a graph with no sinks. This fact and the fact that E is row-finite imply that every vertex in E is a regular vertex. To show that H is saturated we must show that r E (s Set S 0 = {u ∈ E 0 | n u = 0} and let H 0 be the smallest hereditary subset of E 0 that contains S 0 . By Lemma 4.5, H 0 is saturated. Set q = v∈H 0 p v ∈ I H 0 . Note that the ideal generated by q ⊗ e 11 is equal to the ideal generated by u∈E 0 n u p u , where {e ij } i,j is a system of matrix units for K. Since p ∼ u∈E 0 n u p u , we have that the ideal generated by q ⊗ e 11 is equal to the ideal generated by p. Thus, q ⊗ e 11 is a norm-full projection in C * (E) ⊗ K which implies that q is a norm-full projection in C * (E). Hence, I H 0 = C * (E) which implies that H 0 = E 0 . Therefore, for every w ∈ E 0 , there exists v ∈ S 0 such that v ≥ w.
Therefore,
Hence, for each w ∈ E 0 , there exists a v ∈ S 1 such that v ≥ w. Therefore, we may continue this process to get a family (m u ) u∈E 0 of non-negative integers satisfying
Proposition 4.7. Let E be a finite graph with no sinks and no sources, and assume that every vertex of E is a base point of at least one cycle of length one. Let p be a norm-full projection in C * (E)⊗ K. Then there exists a finite graph F that has no sinks and no sources such that
Proof. Let SE be the stabilization of E, as defined in Definition 3.14. Let {e ij } i,j be a system of matrix units for K. By Proposition 9.8 of [1] and its proof, there exists an isomorphism φ :
for all v ∈ E 0 . Let p be a norm-full projection in C * (E)⊗K. By Lemma 4.6, p is Murray-von Neumann equivalent to u∈E 0 m u p u with m u ≥ 1 for all u ∈ E 0 . Therefore, since C * (SE) has weak cancellation by Corollary 7.2 of [3] , φ(p) is Murray-von Neumann equivalent to p T ∈ C * (SE) such that T is a finite, hereditary subset of (SE) 0 with E 0 ⊆ T . By Theorems 3.15 and 3.13, p T C * (SE)p T ∼ = C * (F ) for some finite graph F with no sinks and no sources. Note that p(C * (E) ⊗ K)p ∼ = φ(p)C * (SE)φ(p) ∼ = p T C * (SE)p T . Therefore, p(C * (E) ⊗ K)p ∼ = C * (F ).
The following theorem answers a question asked by George A. Elliott at the NordForsk Closing Conference at the Faroe Islands, May 2012. Proof. We first prove (1) . Let B be a Cuntz-Krieger algebra such that A ⊗ K ∼ = B ⊗ K. Note that B = C * (F ) such that F is a finite graph with no sinks and no sources. By Theorem 5.2 of [18] , collapsing a regular vertex that is not a base point of a cycle of length one preserves stable isomorphism classes. Therefore, since F is a finite graph with no sinks and no sources, we can apply Theorem 5.2 of [18] a finite number of times to get a finite graph Since I is generated by a projection p, by Theorem 7.3 and the proof of Theorem 5.3 of [3] , I is a gauge-invariant ideal of C * (E). Thus, by Theorem 3.7 of [4] , there exists a hereditary saturated subset H of E 0 such that I H is I, see Definition 2. 4 . Let E H = (H, s
−1
E (H), r E , s E ). By Proposition 3.4 of [4] , I H ⊗ K ∼ = C * (E H )⊗K. Note that E H is a finite graph with no sinks. By Proposition 3.1 of [18] , we may continue to remove the sources to obtain a finite graph F with no sinks and no sources such that C * (E H ) ⊗ K ∼ = C * (F ) ⊗ K. Hence, C * (F ) is a Cuntz-Krieger algebra and pAp = pIp is a unital C * -algebra that is stably isomorphic to C * (F ). By Theorem 4.8, pAp is isomorphic to a Cuntz-Krieger algebra.
We now prove (2) . Let p be a nonzero projection in A ⊗ K. Recall that A = C * (E), where E is a finite graph with no sinks and no sources. By Theorem 4.4, there exists a non-empty subset S of E 0 and a collection of positive integers {m v } v∈S such that p is Murray-von Neumann equivalent to v∈S m v p v . Set q = v∈S p v . Then q is a nonzero projection in A and by (1), we have that qAq ∼ = C * (F ) for some finite graph F with no sinks and no sources. By Theorem 5.3 of [3] , p and q ⊗ e 11 generate the same ideal of A ⊗ K. Hence, qAq ⊗ K ∼ = (q ⊗ e 11 )A ⊗ K(q ⊗ e 11 ) ∼ = p(A ⊗ K)p ⊗ K. Therefore, p(A ⊗ K)p is stably isomorphic to a Cuntz-Krieger algebra. By Theorem 4.8, p(A ⊗ K)p is isomorphic to a Cuntz-Krieger algebra. Proof. This follows from Corollary 4.10 since by Corollary 2.24 of [7] all Cuntz-Krieger algebras are semiprojective and by Corollary 2.29 of [7] all stabilized Cuntz-Krieger algebras are semiprojective.
